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Abstract
We discuss the recent developments in the generalized continuous Heisen-
berg ferromagnet model formulated as a nonrelativistic field theory defined on
the target space of the coadjoint orbits. Hermitian symmetric spaces are spe-
cial because they provide completely integrable field theories in 1+1 dimension
and self-dual Chern-Simons solitons and vortices in 2+1 dimension.
Recently, an action principle of a nonrelativistic nonlinear sigma model with the
target space of coadjoint orbits and its coupling with the Chern-Simons gauge field
was proposed [1, 2]. The coadjoint orbits are naturally equipped with symplectic
structure [3] and this can be used to construct the action for nonrelativistic field
theories of generalized spins which are defined on them with arbitrary groups. The
resulting models describe generalized Heisenberg ferromagnet in which the equation
of motion satisfies the generalized Landau-Lifshitz (LL) equation. The Hermitian
symmetric spaces [4] which are special types of the coadjoint orbits are especially
interesting because they provide completely integrable field theories in 1+1 dimension
[1] and self-dual Chern-Simons solitons and vortices in 2+1 dimension [2]. In this
talk, I will present a review on the subject and discuss the related issues. This work
was done in collaboration with Q-Han Park.
We start with a brief summary of the phase space of the coadjoint orbits and the
Hermitian symmetric space. Consider a cotangent bundle T ∗G ∼= G × G∗ [5] of an
arbitrary group G which can be regarded as the phase space for the generalized spin
1Talk given at 15th Symposium on Theoretical Physics: ”Field Theoretical Methods in Funda-
mental Physics”, Seoul, Korea, August 1996.
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degrees of freedom. G∗ is the dual of the Lie algebra G of the group G. There is a
natural canonical one form
θ = 2Tr (xg−1dg), (1)
and symplectic structure
ω = 2Tr (xdg−1 ∧ dg), (2)
where x ∈ G∗ is assumed to be constant. Then, a natural symplectic left group action
on T ∗G can be defined by [6]
G× (G× G∗) −→ G× G∗ (3)
(g′, (g, a)) 7→ (g′g, a). (4)
Let us consider the associated moment map ρ : T ∗G→ G∗ via
< X, ρ(m) >= m
(
d
dt
∣∣∣
t=0
exp tX ◦ g
)
, (5)
whereX ∈ G andm ∈ T ∗gG is a linear map of G → R. Then, ρA(m) ≡< TA, ρ(m) >’s,
where TA’s are the generator of G, [TA, TB] = fABCTC with Tr(TATB) = −1/2ηAB,
realize the Lie algebra [5]:
{ρA, ρB} = fABCρC . (6)
It is well known that T ∗G can be reduced with respect to the above momentum
map by the symplectic reduction and the reduced phase space is naturally identifiable
with the coadjoint orbit Ox ≡ G · x ⊂ G∗:
ρ−1(x)/Gx ∼= G/Gx ∼= G · x, (7)
where Gx is the stabilizer group of the point x. The symplectic structure (1), (2)
naturally descend on the coadjoint orbit G/Gx ≡ G/H . Also the reduced moment
map (5) becomes the generalized spin degrees of freedom which can equivalently be
expressed by
Q = Ad∗(g)x = gxg−1 g ∈ G. (8)
Then, on the coadjoint orbit, the Eq. (5) becomes the generalizes spin algebra [5, 7];
{QA, QB} = fABCQC . (9)
An explicit example of the above procedure with an arbitrary coadjoint orbit of
G = SU(N) can be found in Ref. [6].
Now, we give a brief description of Hermitian symmetric spaces [4] which are
special type of coadjoint orbits. A symmetric space is a coset space G/H for Lie
groups whose associated Lie algebras G and H, with the decomposition G = H⊕M,
satisfy the commutation relations,
[H, H] ⊂ H, [H, M] ⊂M, [M, M] ⊂ H. (10)
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A Hermitian symmetric space is a symmetric space equipped with a complex struc-
ture. For our purpose, we need only the following properties of Hermitian symmetric
spaces [4]; for each Hermitian symmetric space, there exists an element K in the
Cartan subalgebra of G whose centralizer in G is H, i.e. H = {V ∈ G : [V, K] = 0}.
Also, up to a scaling, J = adK = [K, ∗] is a linear map J : M → M satisfying
the complex structure condition J2 = α for a constant α, or [K, [K, M ]] = αM,
for M ∈ M. Without loss of generality, we take α to be equal to −1. This complex
structure provides a useful identity for Q [1];
[Q, [Q, ∂Q]] = g[K, [K, g−1(∂Q)g]]g−1 = g[K, [K, [g−1∂g, K]]]g−1
= −g[g−1∂g, K]g−1 = −∂Q, (11)
and along with the symplectic structure, is the basic ingredient for our formulation
of the integrable generalized ferromagnet. In passing, we mention that there exist
six types of Hermitian symmetric spaces: SU(p+ q)/SU(p)× SU(q), SO(2n)/U(n),
SO(p+2)/SO(p)×SO(2), SP (n)/U(n) and their noncompact counterparts, and the
two exceptional cases.
In application of the above, let us consider the action [1]
A =
∫
dtdDx Tr [2Kg−1g˙ + ∂i(gKg
−1)∂i(gKg
−1)] (i = 1, · · · , D) (12)
where g is a map g : RD+1 → G. The first term in the action comes from the canonical
one form (1) with x replaced by the central element K. This action possesses a local
H subgroup symmetry so that the physical spin variables take value on the coadjoint
orbit of the Hermitian symmetric space G/H . The equations of motion can be written
in terms of the generalized spin Q,
Q˙+ ∂i[Q, ∂iQ] = 0, (13)
which is the well-known homogeneous LL equation. In 1+1 dimension, the integra-
bility of the above equation [8] arises from the zero curvature representation;
(∂¯ − λ[Q, ∂Q]− λ2Q)ΨHM = 0, (∂ + λQ)ΨHM = 0, (14)
where ∂ = ∂/∂x, ∂¯ = ∂/∂t and λ is an arbitrary complex constant. These linear
equations are overdetermined systems whose consistency requires the integrability
condition;
0 = [∂¯ − λ[Q, ∂Q] − λ2Q, ∂ + λQ]
= λ(∂¯Q+ ∂[Q, ∂Q]) + λ2(∂Q + [Q, [Q, ∂Q]]). (15)
The λ1-order term in the second line of the above equation becomes precisely the LL
equation since the λ2-order term vanishes identically due to the complex structure
property of the Eq. (11). Having found the zero curvature representation, one can use
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the well- established method [8] to calculate the infinitely many conserved quantities
and soliton solutions.
One of the interesting applications of the above representation is to use the gauge
equivalence of the ferromagnet and the non-linear Schro¨dinger (NS) model [9] to
derive the generalized NS equation from the generalized LL equation. The explicit
procedure and the subsequent equation can be found in Ref. [1]. In the same Refer-
ence, such a gauge equivalence was also used to relate the conserved integrals of both
models and explicit conserved quantities in both models were found.
Next, we show that the reduced action of the Eq.(12) on the coadjoint orbit
describes the generalized Hamiltonian dynamics [11]. In order to be explicit, we
restrict to the CP (N − 1) = SU(N)/(SU(N − 1) × U(1)) case where the element
K in the Cartan subalgebra is given by K = (i/N)diag(N − 1,−1, · · · ,−1). Now
introduce a parameterization of the group element g of SU(N) by an N -tuple, g =
(Z1, Z2, · · · , ZN); Zp ∈ CN (p = 1, · · · , N), such that
Z¯pZq = δpq, det(Z1, Z2, · · · , ZN) = 1. (16)
Then the generalized spin Q is given by
Q = iZ1Z¯1 − iI. (17)
All other Zp’s with p = 2, · · · , N disappear in the expression of Q due to the particular
form of K. In terms of the Fubini-Study coordinate ψα(α = 1, 2, · · · , N − 1) [10];
zα =
ψα√
1 + |ψ|2
, z0 =
1√
1 + |ψ|2
; ZT1 = (z0, z1, · · · , zN−1) (18)
we have an equivalent expression of Q in component,
QA(ψ, ψ¯) = −2i
N−1∑
p,q=0
z¯p(T
A)pqzq. (19)
Substituting the above expression into the action (12), we obtain a reduced action
on the CP (N − 1) orbit (up to a total derivative term and trivial rescaling),
A =
∫
dtdx
(
2i
ψ¯αψ˙β
1 + |ψ|2 − gαβ∂ψα∂ψ¯β
)
, (20)
where gαβ is the Fubini-Study metric on CP (N − 1),
gαβ =
(1 + |ψ|2)δαβ − ψ¯αψβ
(1 + |ψ|2)2 . (21)
Note that the first term in the above action can be written as
∫
dxθ where θ is the
canonical one-form on CP (N−1), θ = 2i∂ψ log(1+|ψ|2)dψ and the classical dynamics
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can be described by a generalized Hamiltonian dynamics [11] with the Hamiltonian
given by
H =
∫
dxgαβ∂ψα∂ψ¯β . (22)
The Poisson bracket defined by the inverse matrix ωαβ = −igαβ of the symplectic
two-form ω = dθ,
{F (ψ¯, ψ), G(ψ¯, ψ)} = − i
2
∫
dx gαβ
(
δF
δψ¯α(x)
δG
δψβ(x)
− δG
δψ¯α(x)
δF
δψβ(x)
)
(23)
with the inverse Fubini-Study metric gαβ = (1 + |ψ|2)(δαβ + ψ¯αψβ) reproduces the
generalized spin algebra, the Eq. (9) as expected. Also the Hamiltonian equation of
motion gives the generalized LL equation (13);
Q˙A = {H,QA} = −fABCQB∂2QC . (24)
Let us consider the above model (12) in the (2+1)-dimensional case and couple
with the Chern-Simons gauge fields to study the self-dual Chern-Simons solitons
[12]. We introduce gauge fields Aµ which gauges the left multiplication of group
G ; g → g′g;
S =
∫
dtd2x
{
[ Tr (2Kg−1Dtg +Di(gKg
−1)Di(gKg
−1))]− V (gKg−1) + LCS
}
.
(25)
The covariant derivative is defined on fundamental and adjoint representations by
Dµg = ∂µg + Aµg, Aµ = A
A
µT
A, Dµ(gKg
−1) = DµQ = [∂µ + Aµ , Q]. (26)
The potential V (gKg−1) is given by
V =
1
2
IABQAQB (27)
where IAB is a constant symmetric matrix measuring the anisotropy of the system
[13]. We assume that the dynamics of gauge fields is governed by the Chern-Simons
action LCS:
LCS = −κǫµνρTr(∂µAνAρ + 2
3
AµAνAρ). (28)
Then, the equations of motion in terms of the generalized spin Q are the gauged
planar LL equation;
DtQ+Di[Q, DiQ] + [Q¯, Q] = 0 (29)
with Q¯ = IABQATB. The Gauss’s law constraint is given by
GA =
κ
2
ǫijFAij −QA = 0. (30)
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Note that the above constraint is of a similar type with the one which appears in the
well-known nonrelativistic Chern-Simons gauged NS model [14].
The Hamiltonian is given by
H =
∫
d2xH =
∫
d2x[
1
2
(DiQ
A)2 + V (QA)]. (31)
The useful identity Eq. (11), which still holds with ∂Q being replaced by DiQ, brings
the Hamiltonian H into the Bogomol’nyi type;
H =
∫
d2x[
1
4
(DiQ
A ± ǫij [Q,DjQ]A)2 + V (QA)]± 1
2
ǫijF
A
ijQ
A]± 4πT, (32)
where the topological charge T is defined by
T =
1
8π
∫
d2x[ǫijQ
A[∂iQ, ∂jQ]
A − 2ǫij∂i(QAAAj )]. (33)
Thus, the energy is bounded below by the topological charge T when the potential
V is chosen such that
V ± 1
2
ǫijF
A
ijQ
A = 0. (34)
Or, upon imposing the Gauss’s law constraint, it is equivalent to choosing the constant
matrix
IAB = ∓2
κ
δAB. (35)
The minimum energy arises when the spin variable satisfies the first order self-duality
equation,
DiQ = ∓ǫij [Q,DjQ]. (36)
Note that with the choice (35), the potential (27) reduces to a constant. Also, in the
absence of gauge fields the self-duality equation (36) is precisely that of two dimen-
sional instantons in the principle chiral model which has been classified according to
each symmetric spaces [15].
Vortices can arise in our model, if we take the gauge group to be the maximal
torus subgroup of H and introduce gauge invariant terms to the action which in-
duce vacuum symmetry breaking. Explicitly, we take Ha(a = 1, · · · , rank(H)) to be
generators of the maximal torus group and add to the action Eq. (25) a uniform
background ”charge” term
∆S =
∫
dtd2xAaov
a, (37)
where each va is a constant and the sum is taken over a = 1, · · · , rank(H). Then, the
gauge fields Aµ = A
a
µH
a and the Chern-Simons action reduces to a sum of Abelian
Chern-Simons terms,
LCS = κ
2
ǫµνρ∂µA
a
νA
a
ρ . (38)
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The Gauss’s law is replaced by
κ
2
ǫijF
a
ij = Q
a − va. (39)
Also, we have the topological charge replacing Eq. (33)
T =
1
8π
∫
d2x[ǫijQ
A[∂iQ, ∂jQ]
A + 2ǫij∂i((v
a −Qa)Aaj )]. (40)
Assuming the potential V to be of the form
V (gKg−1) =
1
2
∑
a
Ia(Qa − va)2, (41)
we find that the Bogomol’nyi bound is established with the choice
I1 = · · · = IN−1 = ∓2
κ
. (42)
Note that the potential Eq. (41) is nontrivial unlike the previous case and the non-
vanishing constants va breaks the symmetry of the vacuum spontaneously.
Let us consider an explicit example with CP (N−1) = SU(N)/(SU(N−1)×U(1)).
We choose the standard expression for TA’s: TA = iλA/2 where λA is the SU(N)
Gell-Mann matrices. The Cartan subalgebra generators Ha generating the maximal
torus group of SU(N − 1)× U(1) are given by N − 1 diagonal matrices
Hapq = i(
a∑
k=1
δikδjk − aδi,a+1δj,a+1)/
√
2a(a + 1) ; a = 1, · · · , N − 1. (43)
Using the complex notation; z = x+iy, z¯ = x−iy, Az = 12(A1−iA2), Az¯ = 12(A1+iA2),
and Dz =
1
2
(D1− iD2), Dz¯ = 12(D1+ iD2), we obtain an alternative expression of the
self-duality equation,
DzQ = ∓i[Q,DzQ]. (44)
With the parameterization of Q as in Eq. (19), the self-duality equation (44) for the
plus sign case becomes a set of N − 1 equations: In terms of a notation
Dα
−
≡ ∂z+ i
2
(A1z+
1√
3
A2z+ · · ·+
1√
(α− 1)(α− 2)/2
Aα−2z +
α√
α(α− 1)/2
Aα−1z ), (45)
we have
Dα−ψ¯α = 0 ; α = 1, · · · , N − 1. (46)
Similarly, for the minus sign case, we have
Dα+ ≡ ∂z−
i
2
(A1z+
1√
3
A2z+ · · ·+
1√
(α− 1)(α− 2)/2
Aα−2z +
α√
α(α− 1)/2
Aα−1z ), (47)
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and
Dα+ψα = 0 ; α = 1, · · · , N − 1. (48)
The Gauss’s law constraint Eq. (39) is given by
∂zA
a
z¯ − ∂z¯Aaz = Qa(ψ, ψ¯)− va. (49)
In the CP (1) case, we have only one complex ψ which we parameterize by
ψ¯ = ρ exp(iφ) (50)
where ρ is real and the phase φ is a real multi-valued function. Then, Eq. (46) can
be solved for the gauge field A and Eq. (49) reduces to a vortex-type equation;
Ai = ǫij∂j log ρ− ∂iφ
∇2 log ρ + ǫij∂i∂jφ = 1
κ
(v − 1− ρ
2
1 + ρ2
). (51)
The derivative term ǫij∂i∂jφ is identically zero except at the zeros of ψ¯ where the
multi-valuedness of φ results in the Dirac delta function(see, for example, [16]). A
numerical analysis suggests that these vortex-type equations possess vortex solutions
which exhibit anyonic property and show a rich structure depending on the value of
v [17]. Higher N case was also treated in the Ref. [2].
In conclusion, we have shown that each Hermitian symmetric space plays an
essential role in the formulation of integrable generalized Heisenberg ferromagnet in
1+1 dimension, and for the self-dual Chern-Simons solitons and vortices. It would
be interesting to extend the above idea to the relativistic field theory and also to
investigate the quantization problem.
ACKNOWLEDGEMENTS
I would like to thank Y. Kim, Q-H. Park and C. Rim for useful discussions and C.
Lee for encouragement. This work is supported by the KOSEF through the CTP at
SNU and the project number 96-0702-04-01-3.
References
[1] P. Oh and Q-H. Park, Phys. Lett. B. 383 (1996) 333.
[2] P. Oh and Q-H. Park, hep-th/9612063.
[3] A. A. Kirillov, Elements of the Theory of Representations (Springer-Verlag,
1976).
8
[4] A. P. Fordy and P. P. Kulish, Commum. Math. Phys. 89 (1983) 427; S. Helgason,
Differential geometry, Lie groups and Symmetric Spaces 2nd ed. (New York,
Academic Press, 1978).
[5] R. Abraham and J. E. Marsden, Foundations of Mechanics (Addison Wesley,
New York, 1978).
[6] P. Oh, Nucl. Phys. B 462 (1996) 551.
[7] See also D. Bak, R. Jackiw and S.-Y. Pi, Phys. Rev. D 49 (1994) 6778 in which
the relation is proved by an explicit use of the projection operator.
[8] L. D. Faddeev and L. A. Takhtajan, Hamiltonian Methods in the Theory of
Solitons (Springer-Verlag, Berlin, 1987) and references therein.
[9] V. E. Zakharov and L. A. Takhtadzhyan, Theor. Math. Phys. 38 (1979) 17.
[10] T. Lee and P. Oh, Phys. Lett. B 319 (1993) 497.
[11] P. A. M. Dirac, Lectures on Quantum Mechanics (Yeshiva Univ., New York,
1964); L. D. Faddeev and R. Jackiw, Phys. Rev. Lett. 60 (1988) 1692.
[12] G. Dunne, Self-Dual Chern-Simons Theories (Springer, Berlin, 1995) and refer-
ences therein.
[13] A. M. Kosevich, B. A. Ivanov and A. S. Kovalev, Phys. Rep. 194 (1990) 117.
[14] R. Jackiw and S.-Y. Pi, Phys. Rev. Lett. 64 (1990) 2969; Phys. Rev. D 42 (1990)
3500; 48 (1993) 3929(E).
[15] A. M. Perelomov, Phys. Rep. 146 (1987) 135.
[16] A. Jaffe and C. Taubes, Vortices and Monopoles (Birkha¨user, Boston, 1980).
[17] Y. Kim and P. Oh, to be published.
9
